We show that a quantum quincunx can be created in a microwave cavity, with the phase of the cavity field undergoing a quantum walk and a Rydberg atom passing through the cavity functioning as the quantum coin. This quincunx provides a physical realization of the quantum walk. The cavity field, which is initially in a coherent state, exhibits the remarkable feature that the quadratically enhanced phase fluctuations decrease as cavity losses increase. We establish bounds on the mean photon number of the intracavity field for the quantum quincunx to function and discuss observing the effects via homodyne detection.
Galton's quincunx [1] is a valuable device for demonstrating the random walk (RW): gravity draws pellets through a pyramidal structure of pegs, and leads to a binomial distribution. The RW is of fundamental importance as the underlying process for dissipation and fluctuation [2] and as a central concept in research into computer algorithms. The use of the RW in computer science has motivated research into the quantum walk (QW) [3] [4] [5] [6] , which is a quantum counterpart to the RW. The QW exhibits surprising features such as a quadratic enhancement of fluctuations and possible exponential speedups [7] over the RW. In addition, the QW could be useful for benchmarking the performance of certain quantum devices [8] . Following Galton's classical example, we describe a quantum electrodynamics (CQED) device that exhibits the QW, and engineering the level of decoherence can yield a continuous transition from the QW to the RW. Whereas the fluctuation-dissipation theorem yields increased fluctuations as losses increase, this 'quantum quincunx' exhibits the counterintuitive result that fluctuations decrease as losses increase.
Microwave CQED provides an excellent technology for realizing the quantum quincunx. The combined atom+cavity system can be effectively isolated from the environment, and decoherence can be controllably introduced [9] ; furthermore new technologies allow the atom to be struck by a periodic sequence of off-axis microwave pulses [10] . Whereas the RW utilises a random number (a coin toss) to determine right or left steps by the 'walker', the unitary evolution of the QW demands a 'quantum coin' that is rotated from the heads (+) or tails (−) state into an equal superposition of these states via the unitary Hadamard transformation [11] . In the CQED realization discussed here, a two-level atom traversing the cavity serves as the quantum coin, and a periodic sequence of π/2 pulses implement the 'coin flipping' Hadamard transformations. Between these Hadamard transformations, the atom interacts with the initially coherent cavity field via a Raman transition to effect a conditional phase shift on the cavity field that depends on the state of the atom. This QW corresponds to the quantum version of the RW on the circle [5] . Whereas both walks exhibit increasing phase fluctuations with time, the QW spreads quadratically faster than the RW.
A potential realization of the QW for the ion trap [8] has a comparable mathematical description, but that analysis implicitly assumes the preparation of harmonic oscillator phase states [12, 13] of ionic motion (analogous to the cavity field state considered here): such states would correspond to lattice states on the circle, but preparation of such states is not feasible. We consider the field initially prepared in a coherent state, achievable with existing technology, and consider the consequences of this initial state.
We begin by introducing the formalism of the QW on the circle embedded in a harmonic oscillator. The discrete QW, corresponding to the RW on the circle, requires a Hilbert space of finite dimension d. For {|j , j < d} the harmonic oscillator number states with less than d bosons, we introduce the (finite-dimensional) orthonormal phase state representation [13, 14] 
with the Hilbert space for the walker given by
That is, R l rotates a phase state by an angle θ l . The operatorN is the generator of these rotations. A QW is realized by a sequence of alternating transformations, beginning with a Hadamard transformation of the two-level system (the coin) and followed by a conditional rotation of the state of the walker. The coin is described by a state in a two-dimensional internal Hilbert space H 2 with basis states |± . The Hadamard transfor-
Schematic for the proposed experiment. A single atom traversing through the cavity is subjected to periodic Hadamard transformations realized as π/2 pulses. Between these pulses, the cavity field undergoes a phase shift conditioned on the atomic state.
1 −1 ) acts only on the internal state of the coin (i.e., on H 2 ), and transforms a basis state |± into the superposition
rotates the state of the walker by an angle ±2π/d conditioned on the coin state |± ; i.e., F(|θ k ⊗ |± ) = |θ k±1 ⊗ |± , leaving the coin state unchanged. Thus, beginning with the coin in the |+ state and the walker in the phase state |θ 0 , the evolution is described by repeated, and reversible, application of the unitary operation U = FH. Thus, the coin and walker degrees of freedom become entangled. After n iterations, with the coin+walker in the state |Ψ n = U n |θ 0 ⊗ |+ , the probability that the walker is measured at angle θ k is
This distribution exhibits the quadratic gain in phase diffusion over the corresponding RW. We present a scheme to implement a QW on a circle in a microwave cavity, where the spatial state of the walker is represented by the state of a single cavity mode, and the state of the coin is represented by the state of a Rydberg atom passing through the cavity; a diagram of this scheme is presented in Fig. 1 . The field mode in the cavity is described by a harmonic oscillator, with an infinite-dimensional Hilbert space H HO . We wish to use states in this Hilbert space to model a finite-dimensional QW on a circle with discrete lattice points. To do this modelling, we employ a truncated Hilbert space and define the spatial state of the QW to be given by the projection of the cavity mode state onto the subspace H d of states with no more than d − 1 photons. Also, we wish to employ a coherent state as an initial state for the QW, rather than the unphysical phase state |θ 0 . To realize the quantum coin, consider for example a Rydberg atom with two atomic states {|+ , |− }.
To implement a QW on a circle, we must implement the Hadamard transformation H that places the coin in a superposition of the basis states |± , and the conditional rotation F. The Hadamard transformation is realized by a π/2 pulse on the |+ → |− transition [10] . For an atom initially in the state |+ , this π/2 pulse produces the state
(|+ + |− ). This Hadamard transformation is assumed to act instantaneously and is applied with period τ . To implement the conditional rotation operator F, we employ the two-level model including ac-Stark shifts [15, 16] . The atomic levels |+ and |− are highly detuned from the cavity field, and the Hamiltonian for this effect is given byĤ = χN ⊗σ z . This Hamiltonian can be used to generate the conditional rotation operator F of Eq. (2) on the subspace H d ⊂ H HO . If the atom+cavity evolve according to this Hamiltonian for time τ between application of the Hadamard transformations, the angle of conditional rotation of the cavity field is given by θ = χτ .
Equivalently, the conditional rotation can be implemented using a three-level system as in the experiment of Rauschenbeutel et al [17] . Let |i , |g and |e be the states with principal quantum number n = 49, 50, 51 respectively. The state |g represents the internal basis state |+ , and the state |i represents the internal basis state |− . Employing an off-resonant transition between |g and |e (with the state |i uninvolved), the effective Hamiltonian isĤ = χN ⊗ |g g|. By moving to a rotating description, this Hamiltonian can effect the conditional rotation operator F. The Hadamard transformation is realized by a π/2 pulse on the |g → |i transition.
It is important that the same quantum coin (realized as the Rydberg atom) is used for each step of the QW, because the atomic state becomes entangled with the state of the field. Experimentally, this constraint requires that the sequence of alternating H and F transformations must be implemented during the passage time of a single atom.
The standard initial conditions for the QW would be to have the field (the walker) in the phase state |θ 0 . Constructing a field state that projects to this phase state in H d is not feasible. However, it is possible to initiate the cavity in a coherent state |α , with α real and positive, that has a well-defined phase relative to the local oscillator used for homodyne detection. Let |α d be the projection of |α onto H d . We require that |α d satisfies the overlap condition
For a given dimension d, the magnitude of α must be chosen such that the coherent state |α has reasonable support on H d . To ensure this support, we employ the condition d >n + √n , wheren = |α| 2 is the mean photon number in the coherent state |α . Also, to satisfy the overlap condition (4), the spacing of the circular lattice must be sufficiently large. Defining the standard quadrature phase space [18] withx = (â +â † )/ √ 2 and p = (â −â † )/ √ 2i, a coherent state has a minimum uncertainty diameter (measured in terms of quadrature standard deviations) of unity. For coherent states with mean photon number ofn, the circle of radius √n can fit approximately 2π √n distinguishable coherent states. Thus, we require that d < 2π √n . Thus the QW can be performed only for a range of possibilities for coherent state amplitudes satisfyingn < 28 and dimension d < 2π
√n . The method of measuring a phase shift of an initial coherent cavity field using a 'homodyning' method [17] is proposed here to measure the resulting phase distribution of the cavity field, and thus analyze the QW. Once the atom has left the cavity, a coherent local oscillator field with amplitude α and phase ϕ relative to the initial field is injected into the cavity, which adds coherently to the cavity field and gives a resulting amplitude in the range 0 to 2α. This technique can be utilized to obtain the probability distribution of the QW as a function of angle for a range of angles near the initial coherent state. Obtaining the phase distribution relies on measuring an ensemble of identical states; it is key to the successful observation of a QW that the conditions of the experiment are identical for each run, and that there is no source of stochasticity that would destroy the quantum interference effects.
We investigate numerically the QW as described above, with α = 5 (and thusn = 25) and d = 31. It is assumed that the Hadamard transformation applied to the atomic states occurs effectively instantaneously and is independent of the location of the atom in the cavity. Cavity losses are simulated via an interaction between the single-mode cavity field and an external, low temperature reservoir and are characterized by a loss parameter g. The atom+cavity thus evolves for a time τ between Hadamard transformations by the master equation
where χ is chosen such that χτ = 2πi/d. Note that the spatial dependence of χ on the mode structure of the cavity can easily be incorporated into the numerical simulations. A constant step size χτ could still be maintained with such a spatial dependence simply by adjusting the frequency of Hadamard transformations accordingly as the atom traverses the cavity.
We can simulate the outcome of homodyne measurement and thereby obtain the resulting quadrature phase distribution (QPD) on the orthogonal axis to the initial coherent state. The simulated variance of the QPD as a function of the number of steps for a lossless cavity is given in Fig. 2 . The variance of the QPD of a classical RW for the same values of α and d obtained by allowing a different atom with a random atomic state to pass through the cavity during each time step is given for comparison. Also shown are the results for the QW in a lossy cavity with loss term g = 0.01. Fig. 2 shows clearly the quadratic speed-up in phase diffusion given by the QW over the RW beyond three steps. This plot also reveals the transition from the QW to the RW via increasing cavity loss; thus, the addition of decoherence results in reduced phase fluctuations. Note that the variances for the QW and the RW are identical for the first three steps of the walk (prior to the effects of quantum interference), and that the initial values of these variances are not zero due to the width of the initial coherent state.
The QPD approximates the phase distribution for small θ. Fig. 2 shows that the rate of spreading for the QW is approximately linear from three to ten steps. Beyond ten steps, the rate of spreading decreases as the QPD deviates from the actual phase distribution. (For the values of α and d used in the simulation, the phase distribution of the QW is localised at ±π after 10 steps.) For this range where the QPD approximates the actual phase distribution, the system clearly exhibits the quadratically-enhanced phase fluctuations expected of a QW.
In conclusion, we have shown that a quantum quincunx -a physical realization of the QW -can be implemented using existing experimental techniques in a microwave cavity. This quantum quincunx demonstrates the remarkable property that entanglement between the cavity field and a single atom can lead to enhanced phase diffusion over an analogous RW. Because decoherence in this system can be precisely controlled, it is also possible to demonstrate the transition from the QW to the RW as evidenced by a decrease in the rate of phase diffusion. This decreased phase diffusion resulting from the introduction of decoherence contrasts sharply with the intuition given by the fluctuation-dissipation theorem: that the introduction of loss (decoherence) usually results in an increased noise. Also, a physical implementation of the QW could be used to provide quadratic or exponential speedups relative to processes using RWs in quantum information. Thus, the quantum quincunx is a remarkable tool to demonstrate the (often counterintuitive) principles and effects of isolated quantum systems and the implications that these systems may have on information processing.
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